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It is well-known that the occurrence of squeal depends on numerous phenomena still relatively
unknown. Furthermore, squeal is affected by several factors on both the micro and macro scales. The
present paper proposes some potential interactions between stiffness heterogeneities of the contact sur-
face and the potential for triggering the squeal.
Consequently, an analytical model has also been developed to highlight the impact of certain param-
eters on the squeal phenomenon. The contact surface has been modeled by connecting the disc with
the pad via distributed springs (contact stiffness). From this model, a static equilibrium and a complex
modal analysis were performed to determine respectively the pressure distribution and the natural fre-
quencies of the system.
In this conﬁguration, the results demonstrate that the introduction of heterogeneities could change the
dynamic behavior of the system. Moreover, the inﬂuence of the size of the heterogeneities was studied
and results show that this parameter had an inﬂuence on the likelihood of squeal occurrence. The paper
also points out a heterogeneities correlation length that is reasonable to consider for this special conﬁg-
uration. Such information is relevant when interpreting the occurrence of noise as a function to the sizes
of the components of the brake pad and the morphology of the surfaces in contact.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
In the transport industry, there sometimes occurs a loud noise
or high-pitched squeal as the brakes are applied. The latter can
be of great discomfort to the human ear because of its high
frequency of greater than 1 kHz (Akay, 2002). The origin of this
unwanted noise is issued from unstable dynamic behavior of the
brake system due to frictional forces.
During the past few decades, a signiﬁcant number of theories
have been developed regarding this instability phenomenon
involving friction-induced vibration: stick-slip (Oden and Martins,
1985), negative friction coefﬁcient sliding velocity slope (Mills,
1938), sprag-slip (Spurr, 1961) and mode lock-in (North, 1976).
Stick-slip comes about when there are friction issues, sprag-slip
is related to geometric effects from coupling between systems with
different degrees of freedom, and mode lock-in is caused by self-
excited vibrations. In numerous cases of squeal in braking systems,
the instability is linked to the mode lock-in mechanism (Jarvis and
Mills, 1963). These different theories are associated to severalnumerical models which can enable to predict the squeal phenom-
enon. On the one hand, a model based on the real geometry using a
ﬁnite element method has been developed to investigate the
effects of system parameters, such as the coefﬁcient of friction
between the pad and the disc (Trichês et al., 2008), or the stiffness
of the disc (Liu et al., 2007) etc. On the other hand, minimal models
or low-order ﬁnite element models have been used to gain under-
standing of the role of each parameter, essentially with an analyt-
ical approach (Hoffmann et al., 2002), or for control (Massi et al.,
2006). Even though these models are relatively well understood
at the system scale, all the studies cited above have been carried
out with homogeneous and mostly isotropic materials. However,
it is well-know that braking depends on multi-scale and multi-
physics phenomena which are still unknown to a large extent.
Indeed, squeal is an interdisciplinary issue involving dynamics, tri-
bology, acoustics, etc. largely conducted separately. Furthermore,
squeal is affected by many different factors on both the micro
and macro scales. Phenomena at small scales when it comes to
both length (microscopic contact effects) and time (high-frequency
vibrations), affect and are affected by phenomena at large scales
(wear, behavior of the tribological triplet and dynamics of the
entire brake system). Nevertheless, studies do not necessarily
demonstrate the impact of the various scales (third body, bodies
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squeal occurrence.
Nevertheless, various brake studies take into account heteroge-
neities using mainly single-scale approaches to describe wear,
damage etc. For example, at the third body scale, various methods
enable to describe the surface dynamics during friction and wear
and can show the formation of self-afﬁne surfaces as found in mod-
eling of real surfaces such as with the discrete element method
(Nguyen et al., 2009; Renouf et al., 2011; Richard et al., 2008) or
cellular automata (Popov and Psakhie, 2007; Dimitriev et al.,
2008; Wahlstrom et al., 2011). An other contact scale which can
ﬁnd concerns heterogeneities introduced by machining defaults,
mounting defects, etc. To model this scale, one of the ﬁrst models
was that proposed by Greenwood and Williamson (1966) in which
the elastic contact between a rigid plane and spherical asperities
was considered by modifying the contact stiffness. These statistical
models have been enriched by many authors, e.g., (Bush et al.,
1992; Whitehouse and Archard, 1970) and provide fast and accu-
rately responses.
The deterministic approaches have been developed to introduce
a better geometrical description using mathematical functions to
represent the asperities. Elastic, perfectly plastic (Chang et al.,
1987) or elastoplastic behaviors (Zhao et al., 2000) as well as inter-
actions between asperities (Zhao and Chang, 2001) have been inte-
grated in models. Also from a geometrical viewpoint, but at a larger
scale, Bonnay et al. (2011) took into account a thickness variation
of the disc and showed the inﬂuence of this perturbation on the
mode lock-in. Another scale of heterogeneities concerns the com-
ponents presented in the friction pad. Indeed, modern brake pads
are fabricated from composites comprising many different compo-
nents (structural materials, matrix, ﬁller and frictional additives).
These heterogeneities play a key role for the local behavior
through the local properties of each component (stiffness, bulk
modulus etc.). Mbodj et al. (2010) and Peillex et al. (2008) studied
the mechanical properties of the heterogeneities and considered
the pad material using a homogenization technique while (Alart
and Lebon, 1998) mixed static frictional contact and heterogeneous
materials using an asymptotic homogenization technique.
Recently, Magnier et al. (2011) proposed an analytical model with
a contact interface including stiffness heterogeneities between pad
and disc and demonstrated the inﬂuence of these kinds of
heterogeneities on mode lock-in.
Consequently, the objective of this paper has been to present an
analytical model including stiffness heterogeneity in the contact.
This numerical model was a simpliﬁed pin-on-disc setup inspired
by a experimental arrangement developed at the Laboratoire de
Mécanique de Lille (France). Focus was put on the inﬂuence of
the heterogeneities and their sizes on the likelihood of squeal
occurrence via mode lock-in.
2. Semi-analytical model
2.1. Description
The semi-analytical model was inspired by an experimental set-
up developed in our lab. This speciﬁc experimental arrangement
was simpliﬁed with a reduced number of parts to control the
dynamic behavior, and the model comprised a thin plate, a pad
housing, a friction pad and a disc as shown in Fig. 1(a). In the
model, the disc was expressed by a vibration system with one de-
gree of freedom (translational direction, namely yd) and the pad
was expressed by a vibration system with two degrees of freedom
(translational and rotational directions, namely respectively yp and
/p) as shown in 1(b). This analytical model corresponds to that
developed by Oura et al. (2009) with the exception that the
rotation was not at the center of the pad.In the model, K1 and K2 represent the Y-direction stiffness on
each side of the thin plate. The stiffness of the friction pad was
modeled by a parallel distribution of springs, where the stiffness
of each spring ki was directly dependent on the material’s mechan-
ical properties, i.e., ki ¼ E:Shi with hi is the height of each spring and S
is equal to the discretization-dependent area of each spring. So,
this parameter physically represent the stiffness of the bulk. Ini-
tially, the pad material was considered to be homogeneous with
a Young modulus E ﬁxed to 3000 MPa. The pad was assigned a
height (hi) of 10 mm before deformation. Table 1 presents the
parameter values that were used in the computation.
This analytical model was ﬁrst computed in static equilibrium
under conditions of pressure and sliding. This step rendered it pos-
sible to obtain the contact pressure distribution that was injected.
This was done in the second step of the computation, in a complex
eigenvalues analysis to determine the natural frequencies of the
system. The dynamic equations were as follows:
Md€yd ¼ Kdyd 
Xn
i¼1
kiyi
Mp
€y2 €y1
2 ¼ K1 y1 þ y2y1d x1
  K2 y2 þ y2y1d x2
 
Xn
i¼1
kiyi
J €y2 €y1d ¼ K1 y2y1d x21  K2 y2y1d x22 þ
Xn
i¼1
kiyilhþ
Xn
i¼1
kiyil
8>>>>><
>>>>>:
In this study, only the out-of-plane bending mode of the disc
was considered. The assumed disc vibration was represented by
a model with a single degree of freedom. The equivalent mass Md
was set to be equal to the mass of the disc. The disc stiffness Kd
was calculated using the eigenfrequency determined with the ﬁ-
nite element method andMd.Mp represents the total mass, includ-
ing the pad and the pad-housing, and J is the moment of inertia
calculated at the center of mass of the plate spring. The spring coef-
ﬁcients, K1 and K2 were determined from Mp; J and the numerical
pad frequencies. These two springs enabled to model the thin plate
and achieve the two pad modes. y1 and y2 represent the elongation
of the K1 and K2 springs during translation of the pad, and d is the
distance between these two springs. yi represent the elongation of
each spring i. All these parameters are presented in Table 2 and
were inspired by the experimental set-up.
Finally, x1 (resp. x2) corresponds to the distance between the
center of rotation of the pad and the spring K1 K1 (resp. K2).
After a quasi-static solution under sliding conditions, a complex
eigenvalues analysis was performed and the results were written
as k ¼ aþ jx. Here, k represents the eigenfrequency andx the real
part. If the real part is zero, the mode is considered as stable.
Conversely, a non-zero real part indicates an unstable mode.
2.2. Illustration of a semi-analytical model considering a homogeneous
stiffness distribution
This section illustrates how to determine the evolution of the
system’s eigenfrequencies in relation to the coefﬁcient of friction
and to identify the unstable conﬁgurations. Indeed, it has been well
established that the coefﬁcient of friction is a relevant parameter in
instability (Massi et al., 2006). The pad-housing and the thin plate
were considered to be of steel with mechanical properties set to
210000 MPa for the Young modulus and 0.3 for the Poisson coefﬁ-
cient. For the pad, a value of 3000 MPa was taken for the isotropic
Young modulus. For the semi-analytical model, the pad contact
area was set to 30  20 mm2 with a discretization of 300  200
elements. The extremities of the springs K1 and K2 were submitted
to a vertical displacement of 0.5 mm to obtain an equivalent nor-
mal force of 300 N. In the x-direction, a translation of the disc was
applied to simulate the slip condition.
Fig. 1. Semi-analytic contact model.
Table 1
Parameters used for the static equilibrium.
K1 (N/m) K2 (N/m) d (mm)
256 103 256 103 20
Table 2
Parameters used for dynamical analysis.
Md (kg) Kd (N/m) Mp (kg) Kp (N/m) J (kg.m2)
3:88 4:85 108 0:07 6 105 4:43 106
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out by ranging the values of the friction coefﬁcient from 0.1 to 1.
Fig. 2 shows the contact pressure distribution obtained by the
static resolution with a coefﬁcient of friction l ﬁxed at 0.3. A
non-uniform contact pressure distribution was obtained with a
maximal value at the leading edge for all models.
It can be noted that one spring along the thickness of the pad
linearized the contact pressure distribution. Indeed, this result
was due to the linear interpolation along the thickness pad direc-
tion. This semi-analytical model is considered reliable as compared
to ﬁnite element calculations (Magnier et al., 2011). It is clear that
the obtained contact pressure distribution is unlikely to be repre-
sentative of a real case but it enables to simplify results in order
to understand the role of each parameter. The advantage of this
semi-analytical model is a reduced time computation which can
render possible a ﬁne discretization.
The second step of the computation consists in carrying out a
complex eigenvalue analysis for the determination of unstable
modes. The four nodal diameter disc modes was the only oneFig. 2. Pressure distribution for a 30  20 mm2 surface contact with l = 0.3.considered in this study. The analysis was performed by ranging
the values of the coefﬁcient of friction from 0.1 to 1 while retaining
the apparent contact length at 30 mm. The results of this step are
plotted in Fig. 3.
The eigenfrequency associated with the translation mode (blue
curve) of the disc was slightly modiﬁed by the coefﬁcient of fric-
tion. On the other hand, the eigenfrequency associated with the
tilting (rotation around the z direction) mode of the pad (yellow
curve) and the translation mode of the pad (red curve) was
strongly affected by the contact surface. For a constant apparent
contact length equal to 30 mm, the frequency of the tilting pad
modes decreased as the value of coefﬁcient of friction increased.
This was mainly due to the diminution of the effective contact
length induced by the coefﬁcient of friction (Duboc et al., 2010).
The tilting mode of the pad and the axial mode of the disc coa-
lesced, which resulted in a coefﬁcient of friction comprised be-
tween 0.3 and 0.4, and led to a mode lock-in mechanism and to
an unstable mode being obtained with the real part different from
zero. The eigenfrequencies associated with a friction coefﬁcient
equal to 0.3 were 7714 Hz for the translation pad mode and
4326 Hz for the 4-diameter disc mode and tilting pad mode. Thus,
in this last case, where the pad was considered homogeneous, the
system was unstable which could lead to squeal noise.3. Introduction of a heterogeneous stiffness distribution
3.1. Procedure for the introduction of heterogeneous stiffness
An extension of the previous case was investigated by introduc-
ing a distribution of heterogeneous stiffnesses with a GaussianFig. 3. Mode coupling between the tilting pad mode and the 4-diameter disc mode
(apparent contact length = 30 mm).
Fig. 4. Gaussian function centered at 3000 MPa.
Fig. 5. Number of unstable cases vs. standard deviation for l = 0.3 for a patch size
equal to 1,5  1,5 mm2.
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neous case (i.e., g = 3000 MPa). It is clear that in a real conﬁgura-
tion, the distribution of stiffness probably cannot be representedFig. 6. Pressure distribution withby a simple Gaussian distribution. But, this simple function
distribution enables us to understand the role of the heterogene-
ities of the stiffness.
f ðxÞ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pr2
p e
ðxgÞ2
2r2 :
Fig. 4 presents a graph of the probability density function f ðxÞ.
Several standard deviation values r ranging from 1 to 1000 MPa
in the normal distribution have been used. For a ﬁxed standard
deviation r, the Young modulus varied from ð3000 3rÞMPa to
ð3000þ 3rÞMPa. In the following, two parameters were studied:
the ﬁrst was the standard deviation and the second was the size
of the heterogeneities, ranging from 1 lm to 5 mm for the edge
size. For each standard deviation and ﬁxed patch size, one thou-
sand random tests with a random dispersion of the Young modulus
we are computed to establish a probabilistic study on the confus-
ing modes. The Monte-Carlo method was used to obtain a stochas-
tic approach.3.2. Effect of the standard deviation
In this part of the study, the coefﬁcient of friction was ﬁxed at
0.3, the patch size was set to 1.5  1.5 mm2 and the standard devi-
ation was ranged from 1 to 1000 MPa. Fig. 5 shows the number of
unstable cases for each standard deviation.
For a ﬁxed patch size, when the standard deviation was close to
0 MPa, the results showed no inﬂuence on the dynamic aspect and
the systemwas systematically in mode lock-in. This corresponds to
the initial case where the material was considered as homoge-
neous. However, for a standard deviation greater than 60 MPa,
some stable cases were systematically found. Further, the number
of unstable cases (i.e., in stable case) increased with the standard
deviation. For example, for the ultimate case where the standard
deviation equaled 1000 MPa, 30% of cases led to mode lock-in
which was the complete opposite of the tendency obtained in
the homogeneous case. Thus, to explain this phenomenon, Fig. 6different standard deviation.
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standard deviation of respectively 10 MPa, 500 MPa and 1000 MPa.
Indeed, for small standard deviations close to 0 MPa, the pres-
sure distribution was quasi-linear, just as in the homogeneous case
(Fig. 2). But for a standard deviation greater than 60 MPa, the pres-
sure distribution deviated from quasi-linearity and the pressure
localization become inﬂuent. Indeed, the pressure localization
was essentially concentrated to a patch where the stiffness was
signiﬁcant with a high level of pressure.
The dispersion of the frequency of translation pad and the
frequency in of the disc are shown Fig. 7 respectively for a variance
ﬁxed to 50 MPa, 500 MPa and 1000 MPa. It can be noted that the
reference case with homogeneous material is placed on each
ﬁgure. It can be noted that on 1000 random simulated cases
treated with the variance equal to 1000 MPa, the frequency of
translation pad mode is ranging from 7568 Hz to 7830 Hz; the
frequency of the 4 diameter disc mode is ranging to 4286 Hz to
4387 Hz and ﬁnally the frequency associated to the tilting modeFig. 7. Dispersion of frequenciis ranging from 4035 Hz to 4387 Hz (Fig. 7). The eigenfrequency
associated to the translation mode of disc is slightly modiﬁed by
the heterogeneities dispersion. Unlike, the eigenfrequencies associ-
ated to the tilting mode of the pad and the translation mode of the
pad are more affected by the heterogeneities dispersion.
Consequently, the results presented in this part were obtained
for a patch size ﬁxed at 1.5  1.5 mm2. A study dedicated to vary-
ing this parameter is discussed in the next section.
3.3. Effect of the size of the heterogeneities
This section discusses the effect of the size of the heterogene-
ities, ranging from 1  1 l2 to 5  5 mm2 with a friction coefﬁcient
ﬁxed at 0.3. Fig. 8(b) shows the percentage of unstable cases as a
function of the patch size with different values of standard devia-
tion (r = 3, 50, 100, 300, 500, 700, 1000 MPa). At ﬁrst, for a ﬁxed
patch size, the increase in standard deviation enabled to avoid
the homogeneous case and to increase the possibility of stablees with different variance.
Fig. 8. Number of stable case vs patch size with different standard deviation.
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tion converged to a quasi-linear pressure distribution and did not
permit to completely change the dynamic behavior. However,
when the standard deviation increased, the location of patches
pressure are dominant in the system focuses on patches whose
rigidity is more important. Secondly, for a ﬁxed standard deviation,
there was an increase of unstable cases as a function of the de-
crease in patch size, systematically leading to mode lock-in. For
example, with a standard deviation set to 500 MPa, the number
of unstable cases for a large patch size was close to 50% while it be-
came 100% when the size of the edge patch was less than
0.4  0.4 mm2. Indeed, at this critical patch size or correlation
length, the pressure distribution became quasi-linear and the pres-
sure distribution determined in the homogeneous case was found
once again. Fig. 9 illustrates the contact pressure distribution withFig. 9. Pressure distribution for different pa standard deviation set to 1000 MPa for different patch sizes
(2 mm, 0.2 mm and 0.005 mm).
The ﬁgure shows that the pressure localizations were more
important when the patch size was large. In this conﬁguration,
the localization pressure was essentially concentrated on patches
where the stiffness was signiﬁcant, with a high level of pressure
close to 1.8 MPa as opposed to 1.2 MPa for the homogeneous case.
When the patch size decreased, the phenomenon of localization
pressure was less important and the pressure distribution corre-
sponded to that obtained in the homogeneous case. Indeed, the
randomness of the stiffness dispersion enabled to avoid localiza-
tion pressure and to evenly distribute the pressure on the global
contact surface.3.4. Friction coefﬁcient equal to 0.2 and 0.6
In the previous example, where the coefﬁcient of friction had
been ﬁxed at 0.3, the homogeneous case was in mode lock-in
and the fact of introducing heterogeneities led to stable case. In
this case, the coefﬁcient of friction was ﬁxed at 0.2 and 0.6, which
meant that the homogeneous case was in stable case. As in the pre-
vious example, a heterogeneous stiffness dispersion was intro-
duced in the model using a Gaussian distribution where the
standard deviation was a parameter. Fig. 10(a) shows the percent-
age of unstable cases computed according to the patch size for
varying standard deviations.
For a friction coefﬁcient equal to 0.6, no unstable cases were
found for any of the standard deviations or patch sizes. Indeed,
even when the pressure distribution was modiﬁed as in the previ-
ous cases, this was not enough to switch the system into mode
lock-in. Admittedly, the eigenfrequencies of the system were too
far to hope to obtain a mode lock-in.atch sizes r ¼ 1000 MPa and l ¼ 0:3.
Fig. 10. Number of unstable cases vs patch size with varying standard deviations.
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This paper describes the development of a complex eigenvalue
analysis of a pin-on-disc system including friction contact. The
study has included a heterogeneous distribution of material prop-
erties to investigate the inﬂuence of the contact distribution on
mode lock-in. The frictional contact pressure distribution was
linked to the springs of the model for which the stiffnesses were
directly deduced from mechanical properties. The material pad
was considered as heterogeneous by introducing a Gaussian distri-
bution. Different standard deviations and varying patch sizes were
examined, and for each, 1000 random heterogeneity dispersions
were computed to reach a probabilistic study using a Monte-Carlos
algorithm. The results demonstrated that the introduction of heter-
ogeneities in the contact surface played a key role on the lock-in
modes. Indeed, when starting from an unstable or stable conﬁgura-
tion with a small standard deviation (conﬁguration close to the
homogeneous case), the tendency was the complete opposite of
that for large standard deviations. Indeed, with a large standard
deviation, a localization pressure appeared, causing a complete
change of the contact condition which in turn could alter the
dynamics of the system. However, for a small patch size, there
was a tendency to converge to the homogeneous pressure distribu-
tion even for a large standard deviation. Admittedly, for small het-
erogeneities, their dispersion causes them not to have an inﬂuence
on speciﬁc areas. However, these conclusions were only valid when
the eigenfrequencies were close enough. All simulations presented
in this paper showed that the contact pressure distribution could
inﬂuence the occurrence of squeal. In this conﬁguration with dif-
ferent assumptions, the results show an existence of a size limit
for the heterogeneities below which mode lock-in does not have
any effect on this speciﬁc system. In the future, the results have
to be reconciled with experimental observations to demonstrate
the inﬂuence of contact heterogeneities on the occurrence of
squeal. In order to introduce realistic distributions, data can be ex-
tracted from experimental nano/micro/macro-indentation. Finally,
the semi-analytical model should be extended to consider a varia-
tion and an evolution of gradient properties of the contact surface
using for instance thermal aspects during a complete brake.Acknowledgments
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